Abstract. Madden has shown that in contrast to the situation with frames, the smallest dense quotient of a κ-frame need not be Boolean. We characterise these so-called d-reduced κ-frames as those which may be embedded as a generating sub-κ-frame of a Boolean frame. We introduce the notion of the closure of a κ-frame congruence and call a congruence clear if it is the largest congruence with a given closure. These ideas are used to prove κ-frame analogues of known results concerning Boolean frame quotients. In particular, we show that d-reduced κ-frames are precisely the quotients of κ-frames by clear congruences and that every κ-frame congruence is the meet of clear congruences.
Background
For background on frames and κ-frames see [4] and [3] . A frame is a complete lattice satisfying the distributivity law x ∧ α∈I x α = α∈I (x ∧ x α ) for arbitrary families (x α ) α∈I . We denote the smallest element of a frame by 0 and the largest element by 1. A frame homomorphism is a function which preserves finite meets and arbitrary joins.
We use κ to denote a fixed regular cardinal. A κ-set is then a set of cardinality strictly less than κ. A κ-frame is a bounded distributive lattice which has joins of κ-sets and satisfies the frame distributivity law when |I| < κ. Morphisms of κ-frames are functions which preserve finite meets and κ-joins (i.e. joins of κ-sets). For κ = ℵ 1 we obtain σ-frames as a special case and for κ = ℵ 0 we recover bounded distributive lattices. Results we prove about κ-frames will also hold for frames after making the obvious changes.
Recall that a poset P is said to be κ-directed if every κ-subset S ⊆ P has an upper bound in P . A κ-ideal on a κ-frame is a κ-directed downset. The set of κ-ideals H κ L on a κ-frame L yields a frame when ordered by inclusion. This is the free frame generated by L.
A congruence on a κ-frame L is an equivalence relation on L that is also a sub-κ-frame of L × L. The following lemma is well-known. Lemma 1.1. Let L be a κ-frame and let C be a congruence on L. Then (a, b) ∈ C if and only if there are x, y ∈ L with x ≤ a, b ≤ y such that (x, y) ∈ C.
The congruence generated by (0, a) for some a ∈ L is called principal closed and denoted by ∇ a . The congruence generated by (a, 1) is called open and denoted by ∆ a . We can explicitly compute ∇ a = {(x, y) | x ∨ a = y ∨ a} and ∆ a = {(x, y) | x ∧ a = y ∧ a}. The join of one of these congruences with an arbitrary congruence C can similarly be found to give
The lattice CL of all congruences on a κ-frame L is a frame and the assignment a → ∇ a is an injective κ-frame homomorphism. The congruences ∇ a and ∆ a are complements of each other and the principal closed and open congruences together generate CL.
Closure
For frames, principal closed congruences are closed under arbitrary joins, but in the case of κ-frames, they are only closed under joins of cardinality less than κ. Nevertheless, it is useful to consider arbitrary joins of principal closed congruences. Definition 2.1. A congruence on a κ-frame is called closed if it is a join of principal closed congruences. If I is a κ-ideal of a κ-frame, we define the closed congruence
We can use closure under κ-joins to reduce any join of principal closed congruences to a κ-directed join. Also note that if a principal closed congruence ∇ a is included in such a join, we might as well include any smaller principal closed congruences. But a κ-directed lower set is nothing but a κ-ideal. So every closed congruence is of the form ∇ I for some κ-ideal I on L.
We can compute joins with general closed congruences in a similar manner to as with principal closed congruences.
In particular,
The composition of ∇ • with its right adjoint gives a map cℓ = ∇ • • (∇ • ) * , which is of some interest. The map cℓ : CL → CL assigns to a congruence the largest closed congruence lying below it. More explicitly we have cℓ(C) = ∇ [0]C where the κ-ideal [0] C is the equivalence class of 0 in C. The map cℓ is an analogue of the topological closure operation and, remembering that the lattice of congruences is ordered in the reverse order to the lattice of sublocales (the lattice of regular quotients [4] ), we expect it to be monotone, deflationary and idempotent and to preserve finite meets. This is easily seen to be the case. This definition is quickly seen to be compatible with the notion of dense maps. Madden shows in [3] that a κ-frame L has a largest dense congruence given by
Now by applying lemma 2.5 we obtain the following.
Lemma 3.3. For every κ-ideal I on L, there is a largest congruence
More explicitly we find If C is a congruence and ∇ I = cℓ(C), then ∂ I is the largest congruence dense in C and we have ∇ I ≤ C ≤ ∂ I . We may compute this ∂ I explicitly as
The congruences of the form ∂ I are an important class of congruences. In the case of frames, their associated nuclei (those of the form w a (x) = (x → a) → a) and sublocales (Boolean sublocales) have been studied in [1] , [2] and elsewhere, but the congruence-oriented approach remains largely unexplored. There has consequently been little discussion in the setting of κ-frames where nuclei and sublocales are unavailable. Some related ideas and results appear in [3] , but the congruences ∂ I narrowly escape mention. Since we might imagine the smallest dense sublocale of a frame to be so rarefied as to appear translucent, we will call these clear congruences. The assignment I → ∂ I is injective and reflects order, but the following example shows it is not monotone. Proof. Take C ∈ CL. Certainly, C ≤ {∂ I | ∂ I ≥ C, I ∈ H κ L}. Now suppose (a, b) / ∈ C. We may assume a < b and we need a κ-ideal I such that ∂ I ≥ C and (a, b) / ∈ ∂ I .
Let ∇ I = cℓ(∇ a ∨ C). We have ∇ I ≤ ∇ a ∨ C ≤ ∂ I and thus ∂ I ≥ C. Also, ∇ a ≤ ∇ I and so a ∈ I. (Indeed, one may note that I = ↓[a] C .)
Suppose that b ∈ I as well. Then (a, b) ∈ ∇ I ≤ ∇ a ∨C. So (a, b) = (a∨a, a∨b) ∈ C. This is a contradiction and so b / ∈ I. But then (a, b) / ∈ ∂ I by lemma 3.3.
Quotients of a κ-frame by clear congruences have a special form. 
Proof. Simply note that
As a corollary we obtain a known result about frames.
Corollary 3.11. A frame is d-reduced if and only if it is Boolean.
Proof. Suppose L is a d -reduced frame. The frame H ∞ L of principal ideals on L is isomorphic to L itself and so every element of L has a unique pseudocomplement by lemma 3.10. But for a ∈ L, we have (a ∨ a * ) * = a * ∧ a * * = 0 and so a ∨ a * = 1. Thus, a is complemented and L is Boolean.
Conversely, if L is Boolean, then every element of L is complemented and so pseudocomplements are clearly unique.
We are now in a position to prove the following characterisation of d -reduced κ-frames. Theorem 3.12. Let L be a κ-frame. The following are equivalent: 
